The Weyl relations, the harmonic oscillator, the hydrogen atom, the Dirac equation on the lattice are presented with the help of the difference equations and the orthogonal polynomials of discrete variable. This area of research is attracting more interest due to the lattice field theories and the hypothesis of a finite space.
Weyl group on finite space
We defined the position space of dimension N with orthonormal basis . . .
. . .
where ω N = 1, and l | k = δ lk Two operators acting on these spaces are defined as
, a, b ∈ Z On the position space, we have U a |j = |j − a , V b |j = ω bj |j , (mod. N) and in the momentum space U a |k = ω ak |k , V b |k = |k + b , (mod. N) We can define the representation of vectors and operators as follows. From the expansion in the momentum space
we obtain the representation in position space
Similarly, from the expansion in momentum space,
we obtain the representation in momentum space
For the operators V a , V b we have in position space
and in momentum space
From (1) and (2) we construct a Finite Fourier transform
The Weyl approach to Quantum Mechanics [1] is based in the properties of the operators A, B when the N-dimensional space becomes infinite.
Postulate I. There exist two parameter abelian group in an N-dimensional space whose elements A and B satisfy AB = ωBA , ω N = 1
Postulate II. In the continuous limit N → ∞ we can identify
The justification of Postulate II lyes in the fact that in the continuous case the action of the translation and multiplication operators is
which are equivalent to the relations of Postulate I. From these equations the interpretation of the operators P , Q is derived as the generators of the translations and multiplications operators.
The harmonic oscillator on the lattice
In the discrete case we take the Kravchuk polynomials k 
, q = cos 2 β 2 After substitution in the fundamental formulas for the orthogonal polinomials we get [3] for the creation and annihilation operators
The last equations can be written down in terms of the new parameters
The creation and annihilation operators are connected with the raising and lowering operators for the spherical harmonics Y jm . In fact, from the connection between d j mm ′ and Y jm , we get
In order to make more transparent the connection between the creation and annihilation operators with the raising and lowering operators of the spherical harmonics, we take the commutation and anticommutation relations of the former operators.
wich in the limit j → ∞ goes to
which in the limit j → ∞ goes to
If we multiply both sides byhω/2 we obtain the eigenvalue equation for the hamiltonian.
The interpretation of this model can be taken from the quantum harmonic oscillator. The energy levels are equally distant by the amounthω and are labelled by n = 0, 1, 2, · · · ∞. In the quantum harmonic oscillator of discrete variable we have also the discrete eigenvalues of the hamiltonian connected with the index m = j − n of the Wigner function d The integer numbers x = 0, 1, · · · 2j are related to the quantity x = αs where s is the continuous variable and α = Mω/h. Since x is a pure number and s has the dimension of a length, the spacing of the one-dimensional lattice is equal to 1/α = h/Mω. Therefore the Planck's constanth play role with respect to discrete space similar to the role with respect to discrete energy values.
The Hidrogen atom in the lattice
We start from the difference equation for the Meixner polynomials, the limit of which goes to the Laguerre polynomials in the continuous case. For the normalized Meixner polynomilas M (γ)
we get the following difference equation [3] 
For the Hidrogen atom in the continuous case one takes as the solution of the reduced radical equation the wave function
where ρ (s) is the weight function. In the discrete case we take the wave function
The difference equation now reads:
This equation is of Sturn-Liouville type, from which an orthogonality relation can be derived:
We can construct also raising and lowering operators for the normalized Meixner functions. We get L + U n (x) = µ (γ + n) (n − 1)U n+1 (x) = µ (x + n + γ) U n (x) − µx (x + γ)U n (x − 1) L − U n (x) = µn (n + γ − 1)U n−1 = µ (x + γ + n) U n (x)−µ (x + γ) x + 1 x + γ + 1 U n (x + 1)
The action of these operators is to create or annihilate a new state the eigenvalue of which (with respect to the energy operator) is increased or decreased by unity.
